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Abstract. This paper proposes a novel miniaturization 
technique of quarter-wave transformers (QWTs), imple-
mented using multi-section transmission lines (MSTLs), 
based on the quarter-wave-like transformer (QWLT) the-
ory. Multi-section QWLT characteristics are derived ana-
lytically and solved via appropriate optimization algo-
rithms for associated transmission-line parameters. For 
an illustration purpose, two- and three-section QWLT 
prototypes with 50% physical size reduction from the cor-
responding QWT size operating at 2.4 GHz are fabricated 
using microstrips and tested. It is found that these proto-
types yield acceptable return loss at 2.4 GHz without 
significant bandwidth reduction, comparing to the QWT 
result. 
Keywords 
Quarter-wave transformer, quarter-wave-like trans-
former, multi-section transmission line 
1. Introduction 
Microwave devices such as amplifiers, directional 
couplers, power dividers, filters, and antennas are common 
integrated components of modern electronic circuits and 
communication systems. The physical dimension of mi-
crowave devices strongly depends on the operating fre-
quency. As the world is moving into the digital era, sizes of 
electronic and communication components are significantly 
reduced to incorporate more features but yet maintain high 
performance. The challenges on size reduction, especially 
at low microwave frequency, thus have attracted many 
researchers in last few decades. Various techniques have 
been proposed to obtain high performance compact devices 
[1–27]. 
One of the miniaturization techniques is to load 
transmission lines (TLs) with appropriate lumped compo-
nents or TL stubs to slow the wave propagation, which are 
known as slow-wave structures [1–3]. This technique of-
fers a significant size reduction and easy integration to 
integrated circuits (ICs). However, it still suffers from low 
quality factor and high power losses. Another approach is 
the low-temperature co-fired ceramic (LTCC) technology 
[4], [5]. The multilayer sections of ceramic substrates with 
conductive layers provide a compact size, high conductiv-
ity, and lower surface roughness. However, these LTCC 
structures still suffer from loss dissipated into the compo-
site metal materials. In addition, the method based on met-
amaterials is another interesting approach, where associ-
ated artificial TLs possess tiny unit cells. The electromag-
netic properties of metamaterials can be controlled and 
designed by using left- or composite right/left- handed 
(CRLH) concept [6–8]. However, associated structures are 
rather complex, thus not easy to design and also need to 
take care of the coupling effect between elements. 
Based on slow-wave structures, another approach of 
miniaturizing microwave components is the technique of 
electromagnetic bandgap (EBG) structures. These struc-
tures can form passband and stopband characteristics to 
slow the wave propagation as well, where they can be 
fabricated on an underlying substrate, etched in a TL, or 
formed as a ground plane [9–11]. However, their lattice 
design especially in three-dimensional structures is rather 
complicated since it requires an integration of many unit 
cells. Furthermore, slow-wave structures, formed by sub-
strate integrated waveguides (SIWs), have also been pro-
posed [12–15]. The additional metal layer over the ground 
plane improves the signal carrying efficiency. However, 
the complexity and the cost of fabrication are still an issue. 
Recently, another slow-wave structure is based on compact 
microstrip resonant cells (CMRCs) [16–18]. Their slow-
wave characteristic in passband regions is a result of suffi-
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cient discontinuity in structures. They thus offer more 
flexibility in geometry design, but it is limited only on 
symmetric cells.  
The technique of multi-section TLs (MSTLs) stands 
out as another interesting approach for device miniaturiza-
tion [19–24]. It provides acceptable performance compar-
ing with other techniques, yet with simple design and fab-
rication. Moreover, associated unit cells can be designed as 
symmetric or asymmetric structures, leading to more flexi-
ble dimension. One of good examples of MSTLs is in [21], 
where arbitrary lengths of MSTLs are proposed with good 
impedance matching and greater section lengths. Another 
example is the constant voltage-standing wave ratio 
(VSWR)-type TL impedance transformers (CVTs) and 
constant conductance-type TL impedance transformers 
(CCTs) [22–24]. They are proved to have a wide band-
width with a great reduction size designing based on the 
close form equations. Recently, a new type of MSTLs has 
been proposed [25]. This work attempts to miniaturize 
quarter wave transformers (QWTs) using conjugately char-
acteristic-impedance TLs (CCITLs) [26–28], known as 
quarter-wave-like transformers (QWLTs). The strengths of 
QWLTs over the standard QWT are their ability to support 
the slow-wave propagation associated with multi-section 
asymmetric unit cells and to reduce the total physical 
length of associated TLs based on the QWLT theory. 
The purpose of this paper is to illustrate the imple-
mentation of compact multi-section QWLTs and to study 
their characteristics. Analytical formulas of multi-section 
QWLTs are first derived based on the ABCD matrix of 
associated unit cells. Note that this approach is more gen-
eral, flexible and also includes the design method of the 
CVT/CCT as a special case. For illustration, two- and 
three-section QWLTs with 25% and 50% physical size 
reduction are designed and simulated at 2.4 GHz. In addi-
tion, the implementation of 50% physical size reduction of 
two- and three-section QWLT prototypes is then per-
formed. Their characteristics are compared with those of 
the standard QWT. It is found that asymmetric multi-sec-
tions provide more flexibility in the design. It should be 
pointed out that the unique advantage of this QWLT ap-
proach over other techniques based on slow-wave struc-
tures for compact impedance transformers is that the total 
electrical length of QWLTs can be reduced to /q, with 
q > 4. However, for other slow-wave structures, their size 
reduction capability always has the quarter-wave (/4) 
limitation, where  is the effective wavelength associated 
with slow-wave structures at the operating frequency of 
interest. 
This paper is organized as follows. Section 2 demon-
strates the theoretical formulation based on the theory of 
QWLTs, including multi-section QWLT characteristics. 
Examples of the QWLT design and implementation for 
two- and three-section QWLTs are presented in Sec. 3, 
followed by results and discussions in Sec. 4. Finally, con-
clusions are given in Sec. 5.  
2. Theoretical Formulation 
In this section, the QWLT theory is briefly explained. 
Then, multi-section QWLT characteristics are studied 
analytically. Only reciprocal and lossless QWLTs are con-
sidered in the theoretical development. 
Recently, it has been first demonstrated in [25] that 
applying CCITLs to the standard QWT can significantly 
reduce its physical dimension, where the new impedance 
matching component is called QWLTs as shown in Fig. 1. 
In [25], it is found that the magnitude of the characteristic 
impedances Zc
 and the electrical length θc of QWLTs of 
physical length l  can be expressed respectively as follows: 
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 c LZ Z Z , (1) 
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where the argument ϕ of Z-,c  is in the range of  
–90° ϕ  90°, β is the effective propagation constant of 
QWLTs, Z0 is the feedline impedance, ZL is the load 









Note that Z0 and ZL are real and given for a specific 
impedance-matching problem. 
In Fig. 1, Zin is the input impedance of the terminated 
QWLT. To match the lossless feedline, Zin must be real and 
equal to Z0, which can be readily obtained using (1) and 
(2). It should be pointed out that the argument ϕ must be 
chosen properly to obtain less electrical and physical 
lengths of QWLTs, compared to those of corresponding 
QWTs, as discussed in detail in [25]. 
Consider the ABCD matrix of the reciprocal QWLT 
in Fig. 1. In [26], it is shown that Zc
 and θc can be deter-
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Fig. 1. A QWLT impedance matching circuit [25]. 
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Thus, it is required to determine the ABCD parameters to 
satisfy (1) and (2) simultaneously to obtain desired 
QWLTs, which is quite complicated and usually requires 
an optimization algorithm. Once the ABCD parameters are 
found, desired QWLTs can be implemented using MSTLs 
by determining corresponding TL parameters of MSTLs. 
To simplify the above optimization problem, let us 
reconsider the ABCD matrix of the QWLT in Fig. 1. It can 
be readily shown that Zin and ZL are related to the ABCD 










  (6) 
Using (6) with the fact that the QWLT is reciprocal  
(AD – BC = 1) and Zin is real, one obtains two simple 











 .  (8) 
Note that (7) and (8) are identical to those derived using 
the image parameter method [29]. It should be pointed out 
that the ABCD parameters satisfying (7) and (8) automati-
cally satisfy (1), (2), (4) and (5) as well since the original 
impedance-matching problem is the same. However, (7) 
and (8) look much simpler to solve for associated unknown 
parameters. 
In this study, QWLTs are implemented using MSTLs. 
For illustration purpose, only two- and three-section TLs of 
a unit cell of length l are considered to form QWLTs with 
characteristic impedances Zc
 and electrical length θc as 
shown in Fig. 2(a) and (b) respectively, where Zn is the 
characteristic impedance of the nth TL, θn = knln is its elec-
trical length, kn is its propagation constant and ln is its 
physical length. In addition, it is assumed in this analysis 
that the propagation constants of each TL are identical 
(kn = k). 
For the two-section QWLT in Fig. 2(a), the consid-
ered parameters are Z1, Z2, l1 and l2 where l = l1 + l2 and l is 
given for a specific impedance-matching problem. So, 
there are only 3 unknown parameters (Z1, Z2 and l1) to be 
considered for a given length l. For convenience in manip-
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Using (9) and (10) in (7) and (8) and the ABCD ma-
trix of two-section TLs [28], the characteristics of the two-




















Fig. 2. A QWLT impedance matching circuit: (a) Two sec-
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   (13) 
Thus, it is required to solve for Z1, Z2 and l1 simulta-
neously using (11) and (12) with an optimization algo-
rithm. Due to the fact that there are more numbers of un-
knowns than numbers of equations, two-section QWLTs 
are not unique for a given design problem as illustrated in 
Sec. 4. 
For the three-section QWLT in Fig. 2(b), the consid-
ered parameters are Z1, Z2, Z3, l1, l2 and l3 where 
l = l1 + l2 + l3 Similar to the case of two sections, five un-
known parameters are considered only for a given length l 
(Z1, Z2, Z3, l1 and l2). Similar to (11) and (12), the charac-
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   (17) 
Thus, it is mandatory to solve for Z1, Z2, Z3, l1 and l2 
simultaneously using (14) and (15) with an optimization 
algorithm. Similar to the previous case, three-section 
QWLTs are not unique for a given design problem as well 
as illustrated in Sec. 4. 
3. Design and Implementation of 
QWLTs 
In this section, examples of QWLT design and im-
plementation are discussed. Two case studies are multi-
section QWLTs with 25% and 50% physical size reduction 
compared to the corresponding QWT size. The operating 
frequency is at 2.4 GHz.  
For illustration, QWLTs are designed using 
microstrips with the low loss substrate, called Arlon 
DiClad 880 (dielectric constant of εr = 2.17, loss tangent of 
tan = 0.0009 and substrate height of h = 1.524 mm). In 
this example, it is required to match a 100 Ω load to a 50 Ω 
input impedance. Using the Agilent Genesys EDA soft-
ware [30], multi-section QWLTs implemented using mi-
crostrips are first simulated to obtain initial design param-
eters based on the minimum TL width of 0.2 mm on the 
substrate due to the limitation of the milling machine. 
Then, mutual coupling effects between TLs of multi-sec-
tion QWLTs are taken into account using the finite inte-
gration technique (FIT) via the CST Microwave Studio 
(MWS) software [31]. After optimizing design parameters, 
optimized multi-section QWLTs are fabricated and then 
tested using a network analyzer. 
The characteristic impedance Zn and associated length 
ln in Fig. 2(a) and (b) are determined via the Agilent 
Genesys EDA software using (11) and (12) or (14) and 
(15) for two or three sections, respectively. Since QWLTs 
are modified from the standard QWT, their length l is then 
set to be equal to a quarter of wavelength multiplied by the 
reduction ratio p, that is l = p/4 where 0 < p  1. The ratio 
p is equal to 1 for the standard QWT and equal to 0.75 and 
0.5 for 25% and 50% physical size reduction, respectively. 
To observe the slow-wave characteristic of multi-section 
QWLTs, the slow-wave factor (SWF) is considered. In 
[11], the SWF is defined as the ratio of free space wave-
length to guided wavelength or the ratio of the effective 
propagation constant β of TLs of interest to the free space 
propagation constant k where β can be determined from (5) 
using θc = βl for QWLTs. Typically, higher SWF yields 
shorter associated TLs. In addition to the SWF, the modi-
fied SWF is also applied in this paper for fair comparisons, 
which is defined as the ratio of the effective propagation 
constant of QWLTs to the propagation constant of QWTs. 
Furthermore, the group delay is also considered as an im-
portant factor for evaluating TL quality [11]. Note that the 
voltage and current distributions along associated TLs are 
also determined to understand associated signal propaga-
tion characteristics better. These results will be provided in 
Sec. 4. 
4. Results and Discussions 
4.1 QWLT-parameter Range Evaluation 
The Agilent Genesys EDA software is employed to 
determine the design parameters in Fig. 2(a) and (b), where 
the iteration numbers in the optimization algorithms, the 
gradient search and the pattern search, were set to 300 and 
700 for two- and three-section QWLTs, respectively. As 
pointed out in Sec. 2, multi-section QWLTs are not unique 
for a given design problem. Tables 1 and 2 present the 
range of parameters of interest for ideal multi-section 
QWLTs with 25% and 50% physical size reduction, re-
spectively. 
From Tab. 1 and 2, it can be seen that all QWLT 
parameters vary with the required physical length and the 
number of TL sections of ideal QWLTs. Note that θc for 
a given ϕ agrees well with the QWLT theory in Sec. 2. It 
should be pointed out that θc is always less than 90° (for 
the QWT) as expected. When the QWLT physical length 
decreases, θc tends to decrease and ϕ tends to increase. In 
addition, these QWLT matching networks provide a larger 
group delay caused by their dispersion [11], where the 
group delay of the corresponding ideal QWT is equal to 
110.5 ps. Furthermore, the miniaturization capability can 
be further realized due to the SWF of greater than unity, 
where the SWF tends to increase when the QWLT physical 
length decreases. It can be observed that the three-section 
QWLT parameters tend to cover wider range than those of 






Min Max Min Max 
Electrical length θc 
(°) 
68.89 71.49 67.8 76.87 
Argument |ϕ| (°) 6.37 7.33 4.45 7.74 
Group delay (ps) 179.3 183.1 176.5 202.9 
SWF 1.02 1.06 1.02 1.14 
Tab. 1. Range of QWLT parameters for ideal multi-section 






Min Max Min Max 
Electrical length θc 
(°) 
52.8 56.71 52.27 79.84 
Argument |ϕ|  (°) 12.35 14.19 3.54 14.46 
Group delay (ps) 149.2 160.6 147.7 225.4 
SWF 1.17 1.26 1.16 1.77 
Tab. 2. Range of QWLT parameters for ideal multi-section 
QWLTs with 50% physical size reduction. 
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4.2 Simulation and Measurement Results  
From the above simulation results, multi-section 
QWLTs with 50% physical size reduction are chosen as an 
example in the simulation of signal propagation character-
istics. Both two- and three-section QWLTs are selected at 
the same SWF of 1.19 for a fair comparison as shown in 
Fig. 3. The ideal QWLTs in Fig. 3(a) and (b) are termi-
nated in a 100 Ω load and analyzed to determine their volt-
age and current distributions for a given input voltage and 
input impedance of 50 Ω. The corresponding ideal QWT is 
also analyzed for comparison, where its characteristic im-
pedance is 70.7 Ω and electrical length is 90°. The voltage 
and current distributions are determined using terminated 
lossless TL equations [28], where the input voltage Vin is 
set at 1 V. Numerical results of the magnitudes of voltage 
and current distributions shown in Fig. 4(a) and (b), re-
spectively. Note that Vin is located at the left end of two- 
and three-section QWLT as shown in Fig. 4(a). It is found 
that the distributions of both QWT and QWLTs exhibit 
similar trends, but different support, with equal voltage and 
current magnitudes at the input and load terminals. How-
ever, the QWLTs are significantly shorter and their voltage 
and current distributions are not smooth, with the slope 
discontinuity at associated TL junctions. 
In addition, both SWF and modified SWF of ideal 
two- and three-section QWLTs in Fig. 3(a) and (b) are also 
considered as illustrated in Fig. 5. It can be seen that the 
SWF of ideal QWT is constant for all frequencies while 





Fig. 3. Characteristic impedances and electrical lengths of 





Fig. 4. The distributions of ideal QWT, two- and three- sec-
tion QWLTs. (a) Magnitude of the voltage, (b) mag-





Fig. 5. Comparison of ideal QWT, two- and three-section 
QWLTs. (a) SWF, (b) modified SWF. 
Note that the SWFs of both ideal two- and three-section 
QWLTs are almost identical and less than that of ideal 
QWT. Furthermore, the graph of modified SWF is plotted 
as shown in Fig. 5(b). It is found that the modified SWFs 
of ideal QWLTs slightly increase with frequency and are 
approximately equal to 0.8. Although the modified SWFs 
are less than one, QWLTs with 50% physical size reduc-
tion can still be achieved in this case. 
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Next, the two- and three- section QWLTs with char-
acteristic impedances and electrical lengths in Fig. 3 are 
implemented using microstrips. The microstrip dimensions 
are further optimized by taking into account of mutual 
coupling effects using the CST MWS software. The final 
QWLT designs for prototype fabrication are illustrated in 
Fig. 6. Note that the total electrical lengths of both two- 
and three- section QWLTs are identical and reduced to 
λQWLT/6.04, which are less than λQWT/4 of the conventional 
QWT. λQWLT and λQWT are effective wavelengths associated 
with QWLTs and QWT respectively, and they are assumed 
to be the same for a fair comparison. For size comparison, 
the QWT is also implemented using the same microstrip 
with the width of 2.73 mm and length of 24.8 mm. Fig-
ure 7(a), 7(b) and 7(c) depict the microstrip prototypes of 
QWT and two- and three-section QWLTs, respectively. In 





Fig. 6. Microstrip implementation of QWLT unit cells.  
(a) Two-section QWLT, (b) three-section QWLT. 
 
                    (a)                                  (b)                                   (c) 
Fig. 7. QWT and QWLT microstrip prototypes. (a) QWT, 
two-section QWLT, (b) three-section QWLT. 
well. Note that all prototypes are fabricated on the finite 
substrate of 40 mm width. It is clearly seen that both 
QWLT prototypes are twice smaller in physical length than 
that of the QWT prototype (excluding the 50 Ω input port). 
Figure 8(a) shows the simulated and measured 
frequency responses of the magnitude of S11 of the QWT 
microstrip prototype. In addition, similar results of two- 
and three-section QWLT microstrip prototypes are also 
illustrated in Fig. 8(b) and (c), respectively. It can be seen 
that measured results of |S11| of the QWLT prototypes 







Fig. 8. Frequency response |S11| of transformers. 
(a) QWT, (b) Two-section QWLT, (c) Three-section    
QWLT. 
(b)






Fig. 9. Frequency response |S11| of QWT and QWLT 
prototypes. (a) Simulation, (b) measurement. 
In addition, Figure 9 illustrates different views of |S11| 
variations for better comparison, where simulated and 
measured results are shown separately in Fig. 9(a) and (b), 
respectively. Note that all frequency responses obtained 
from simulations are similar and less than –30 dB at 
2.4 GHz, where both |S11| for QWLTs are slightly higher 
than that of the QWT. Note that their bandwidths of |S11| at 
|S11| = –20 dB are slightly less than that of the QWT. How-
ever, measured results of the QWLT prototypes exhibit 
higher |S11|, where they are still acceptable at 2.4 GHz, 
which are about –22 dB and –25 dB for two- and three-
section QWLTs, respectively. 
The two-section QWLT characteristics are compared 
with other methods as shown in Tab. 3. All these methods 
are compared using the same condition. Note that for 
QWLTs, (11) and (12) are used for calculation. It is clearly 
seen that all methods provide similar solutions, indicating 
the validity of the proposed method. Note that the QWLT 
approaches also offer general design equations of asym-
metric MSTLs leading to more flexibility in design and 
implementation. The issue of high impedance line can be 
solved by adding more TL sections with proper impedance 
and electrical length. Moreover, this paper also presents 
additional details on multi-sections; i.e., voltage and cur-
rent distribution and SWF. It is found that, for two-section 
QWLTs, if θc values are equal, then the bandwidths will be 
approximately equal. However, some differences are ob-
served for higher number of TL sections.  
It should be pointed out that QWLTs can also be 
designed using the characteristic impedance profiles. For 
example, Figure 10 shows the variation of Z1 and Z2 with θ1 
for two-section QWLTs with 50% size reduction, where r1 





Fig. 10.  Characteristic impedances versus θ1 for the two-
section QWLTs with 50% size reduction, r1 = 0.5 and 















This paper 45.10 728 Yes Yes 2, 3 Yes 
[21] 45.10 728 Yes No 2 Yes 
[23] 45.08 720 Yes Yes 2 Yes 
Tab. 3.  Comparison of multi sections. 
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5. Conclusions 
In this paper, compact QWLTs are implemented using 
the MSTL microstrip technology. For illustration, two- and 
three-section QWLT characteristics are derived analyti-
cally based on the ABCD parameters of QWLTs. In addi-
tion, associated voltage and current distributions, SWF, 
modified SWF and group delay of QWLTs are investigated 
as well. Simulation results show that an increase in the 
number of TL sections of QWLT unit cells clearly yields 
more flexible design QWLT parameters. The prototypes of 
two- and three-section QWLTs with 50% physical size 
reduction are fabricated and tested. It is found that simu-
lated and measured results of |S11| for the QWLT proto-
types agree reasonably well, without significant bandwidth 
reduction compared to that of the QWT. In the future, other 
potential TL structures for the QWLT implementation will 
be investigated as well for the performance improvement. 
In addition, QWLTs will be applied to miniaturize other 
useful microwave devices such as broadband multi-section 
transformers, power dividers, filters and antennas.  
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